Inversion formulas for complex Radon transform on projective 
varieties and boundary value problems for systems of linear PDE. 



Gennadi M. Henkin* Peter L. Polyakov t 



June 15,2011 



Abstract 



Let G C CP™ be a linearly convex compact with smooth boundary, D = CP™ \ G, and let D* C 
(CP™)* be the dual domain. Then for an algebraic, not necessarily reduced, complete intersection 
subvariety V of dimension d we construct an explicit inversion formula for the complex Radon transform 
Rv : H d ' d ~ 1 (V n D) — > H 1,a (D*), and explicit formulas for solutions of an appropriate boundary 
value problem for the corresponding system of differential equations with constant coefficients on D*. 

1 Introduction. 

Complex Radon-type transforms on complex projective varieties were introduced in different 
forms and with different purposes in the works of Fantappie UFalL Martineau [Mar2|, Andreotti, 
Norguet llANTl lAN2ll . Eastwood, Penrose, Wells liPel IEPW1 Gindikin, Henkin, Polyakov [[GHl 

IHP1H . In a recent paper [HP2J we have shown that the complex Radon transform realizes an 

isomorphism between the quotient- space of residual <9-cohomologies H d,d ~ l (V fl D) / H^^iV) 
of algebraic (not necessarily reduced) (/-dimensional locally complete intersection V in a linearly 
concave domain D of CP™ and the space of holomorphic solutions of the associated homogeneous 
system of linear differential equations with constant coefficients in the dual domain D* C (CP™)*. 

In the present paper for an arbitrary algebraic complete intersection V and a smoothly bounded 
linearly convex compact G in CP™ we construct an explicit inversion formula for complex Radon 
transform on V fl D, where D = CP™ \ G. This inversion formula is based on the explicit formulas 
for solutions of appropriate boundary value problems for the associated with V system of differen- 
tial equations with constant coefficients in the dual domain D*. Those formulas are motivated by 
the "explicit fundamental principle" of Berndtsson-Passare HBPL 

To formulate the main result of the present paper we introduce the following notations. Let 
(zq, ...,z n ) and (£ , • • • , £ n ) be the homogeneous coordinates of points z G CP" and £ G (CP™)*. 
Let (£ • z) = f Ylk=o £fc ' z k, and let CP/ 1-1 denote the hyperplane 
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Following [Marl] and UGH! we call a domain D C CP n linearly concave, if there exists a contin- 
uous map D 3 z — > £(z) G (CP 11 )* satisfying 

z e CP- 1 c D. 

A compact G C CP n is called linearly convex, if the domain D = CP n \G is linearly concave. The 
set of hyperplanes, which are contained in the linearly concave domain D, forms the dual domain 
D* C (CP n )*. We may assume without loss of generality that the hyperplane {z G CP n : zq = 0} 
is contained in D. 

We will denote by H(D*, 0(1)) the space of holomorphic functions of homogeneity I on D*. Let 
jpj j be homogeneous polynomials of projective coordinates, let jp, = P,-(l, Zi, . . . , z n ) j be 
the corresponding polynomials of affine coordinates, and let V C CP n be the algebraic subvariety 

V = [z G CP" : P 1 (z) = ■■■ = P m (z) = 0} . (1) 

From BMaSI we obtain that for V g G #(P*, 0(Z - 1)) with / < the solution / G P(P*, £>(/)) 
of the equation 

df 

exists and is unique, and therefore the operators 

are well defined on the spaces H(D*, 0(1)) for I < 0. 

For a polynomial R(u) = Y7\i\=o Ri u% \ ' " u% n °f degree r we denote by R(V) the operator 

r 

R(V) = J2 R I - V l ■■■ V n- 

|/|=0 

We denote by {Q (fc) }™ =1 the vector-polynomials Q (fc) (C, 2) = {Q?{(, z),..., Q ( n k \C, z)}, such 
that 

n 

p k (0 - p k ( Z ) = 5^(0 - Zj )Qf\c,z)- 

For a linearly convex compact in C n C CP n 

G = {z G C n : p(z) < 0} , (3) 
such that D = CP™ \ G is a linearly concave domain and p G C°°(CP n ), we denote 

r?(C) = MCW(O) = MC),^),..,^)), (4) 

i=i ^ 
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Theorem 1. Let G be a linearly convex compact as in ©, D = CP n \ G, and let V C CP n be a 
complete intersection algebraic subvariety as in (OQ). 
Then any function g G 1-L(D , 0(— 1)), satisfying the system of differential equations 

Pj (J^J 9(0 = 0, for j = 1, . . . ,m, and i G D*, (5) 
may be represented through its values on the infinitesimal neighborhood of the set 

{teD*:t = 7i(0for(e VnbG} 

by an explicit formula of Cauchy-Fantappie-Leray type: 



9(0 = (-1) 



n-m-l (n-l)\ f d( 



(2m) n (n -m-l)\ J iCfl)ebGxA (Co + £' • 
A 8 (^) A - A 8 (^) A ^ (,(,, C, V)) (*^° ( V ( ) ] , (6) 



where 



c,p) = ^Q {k) (c, ^) + i - E a** V(o 

fc=l \ A;=l / 

n 

anJ ?/ze integral in © is understood as 

*Wr {V}(t )xA + PxCO-.-PmCC) 1 ^ JJ 

wzY/i an arbitrary function <f)$ G £ c (C n ) satisfying 

li/>(0<0, 

<MC) = < (V) 

i 0«/p(O>5, 

m 

A = |/i G : J> fe <l}, 

fc=i 

T| P} (t) = G C n : |P fc (z)| = e fc (t)/br fc = l m}, (8) 

and e(i) = (ei(i), • • • , e m (i)) an admissible path in the sense of Colejf-Herrera, i.e. an 

analytic map e : [0, 1] — >■ K™, satisfying 

Hme m (t) = 0, lim = 0/orV/ G Z+. (9) 
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Remarks. 



• An earlier version of Theorem Q] was proved in f Hel for the case of the variety V transversally 
intersecting bG, i.e. 

dp A dP\ A ... A dP m ^ on V H bG. 

• Theorem Q] generalizes for the case of general boundary value problems results of Fantappie 
UFall IFa2l . Leray ULll IL2H . Rigat [El on explicit solutions of the holomorphic Cauchy (or 
Goursat) problems for systems of linear differential equations with constant coefficients. 
Important results on explicit solutions of nonstandard boundary value problems for two- 
dimensional linear integrable PDE were obtained by Fokas llFoll . 

A corollary of Theorem Q] presented below is an application of the result of this theorem to the 
complex Radon transform. To formulate this corollary we use definitions from HHP2II . 
A current / in D with support in V H D is called a residual current / £ Qn-m,n-m-\(y ^ jj^if 



AJ \ p > 

where / £ g{n,n- m -i) _ A residual curre nt / is called enclosed (denoted / £ ^-™>"-™-i(y n 

D) if Bf = J2T=1 P k -_ n k With Q k £ E^n~m)_ We denote by H n-m,n-rn-l(y R £>) the space 
Z n-m,n-m-l(y p £)) J dC n-m,n-m-%{y p| /)) if n — m > 2 and H 1,0 (V D D) = Z lfi (V fl D) if 

n — m—1. 

Corollary 1. If under the assumptions of Theorem [7] the coefficient fo of a closed holomorphic 
1-form f = Y^=o fjd£j of homogeneity (—1) on D* satisfies the system of equations ©, then f is 
the complex Radon transform 

of a residual d-cohomology class (f> £ n n - m ^ n ~ m - x {y n £)), Thi s cohomology class corresponds 
by Serre-Malgrange duality to the functional 0* £ T-L'(V fl G), defined onW h £ H(V fl G) £>y the 
equality 

(0*, /») = (_i r -n-i J"" 1 ) 1 / /,( CR A 9 f-i-'l A • • ■ Ad 



(2my-\n-m-l)\J bGxK ^ WO/ WC) 



Qn—m—Y 



a4(%.C,p))[ " n-m-i° MO) ]• do) 



The proof of Theorem [T] relies on two ingredients: a version of the Martineau type inversion for- 
mula HMar2[ iGHl for the Fantappie transform, given here in Proposition 13. 11 and an interpolation 
formula for holomorphic functions from a complete intersection subvariety V fl G, not necessarily 
reduced, to the linearly convex domain G \ bG. This interpolation formula (fTTj) . proved in Propo- 
sition |2j]below, is based on the results of Weil JW|, Leray [|L2|. Norguet [jN|, and Coleff-Herrera 

den. 
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2 Cauchy-Leray formula on pseudo-convex complete intersections. 



In Proposition 12.11 below we prove a residual interpolation formula in a linearly convex domain, 
which can also be considered as the Cauchy-Leray formula for holomorphic functions on complete 
intersections. On the one hand the integral term in equality (fTTT) of this proposition presents a new 
interpolation formula for holomorphic functions in linearly convex domains. On the other hand 
equality (PTTT) gives a more precise version of the duality theorem of Dickenstein-Sessa and Passare 
(seetfDSlEal). 

Proposition 2.1. Let G be a linearly convex compact as in ©, and let {Pk}™ be polynomials such 
that the analytic set 

V G = {zeG: P 1 ( z ) = -~ = P m (z) = 0} 
is a complete intersection in G. Then for h G H{G) the following formula holds for z G G\bG 



h{z) 



{n-l)\ 

(2ni) n 



fc=i 



Pk 



V(C) 



fe=l 



MO • (C - *)> 



Ad( 



+ Y J h k {z)-P k (z) 1 (11) 



fc=i 



where Tf p y(t) is defined in ©, {tk(t)}™ =1 is an admissible path, function (f>s(C) is a function 
satisfying ([7]), 77(C) w defined in ©, and h k £ H (G). 

Proof. We start from the following Weil-Leray-Norguet type integral formula 



Hz) 



(n- 1)! 

(2vri) n 



o<\i\<m Ja i^ xAl \ tel 



^(0 - w 



r/'(C) 



Aw(C) 



mo • (c - «)> 

for a holomorphic function h on the compact 

W(t) = {ze CP" : p(z) < 0, {|ft(z)| < e k {t)}™ =l }, 

where 

of (t) = {^G: p(z) = 0, {|P(z)| = e^)}^ , {|P fe (*)| < e fe (t)}^ }, 

and 

A /= j/iGR^ 1 : £//* < l]. 

iei 

To transform formula (PT2l) into a residue-type formula we assume that function h is defined in 

G 5 = {z G CP" : p(z) < 5} 

for some 5 > 0, define 

T/(t) = : < < 5, {|P(z)| = €i{t), , {\P k (z)\ < e k (t), } k0 }, 



(12) 



and consider the chain 

C = T i(t)xAi 

0<\I\<m 

with the boundary 

0<|/|<m 0<\I\<m 

where 

of(*,t) = [zeG: p(z) = 5, {\P t (z)\ = e t (t)}>ei , < }, 

and 

r J = {/*GHj; 1 : £> = i}. 

We consider a function (fis G C°° (C n ) satisfying © and apply the Stokes' formula to the form 

MC)«Ck(|> + (i-|>) Mfjf^y) -K) 

on the chain C. Then, using equality 0^ 



= 0, we obtain 

ff f(«5,i) 



MC)-(C-^)> 



Aw(C) 



+ £ / MC)#,(C)a4( E^ P fn (C pL 



16/ 



From the dimensional considerations we obtain that 



=L, r / K) « cM (S ft w%) Aw(c)=o ' 
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and therefore the equality above can be rewritten as 



E / mck( J2^ p?c) p] Z ) + ( 1 - E^ 



MO • (C - *)> 



Aw(C) 



V(C) 



+ [i-E^) MO / .y_ g)) )A.(o. 03) 



ie/ 

We transform the right-hand side of the last formula for z £ U e (t) as follows 



I MC)d&(C)Aa/ (5> 

<l/l< m - /T /W xA ^ Vie/ 



2 



16/ 



W(0 ■ (C - z)) 



(v'(0 • (C - z)) 



16/ 



0<|/|<mr=l iT/ W xA 7 (Pn(C)) \ 

, yV f Q fa) (C,^) A v^ f \ V(C) i , . 



E / n M p.^ (fl At M E/*Q (0 (C,*) 

o^l^m^/W^' Hie/^U V iei 



16/ 



+ E E(^wr/ -^*(()a w ;U^(( )Z ) 

0<|/|<mr=l iT /W xA 7 (P n (C)) V 



l/l 
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+ ••• 



0<\I\<mr=l JTfVxAr Uk=l F ik(Q{ P is{Q) 



(C)(^(C)) r+1 x 



MC) • (C - *)> 



AdC (14) 



where s = 1/1, and " • • • " stands for the terms of the form 



E J2( p -M" 



MO 



+ E 



// 



^(0 (^(C)) r+ 



fe=i 



>/(C) 



8fc 



Ao?C 



for 1 < p < s. 
Denoting then 



9k(z,t) 



(n- 1)! 
(27ri) n 



E(^W) r E / nF* 



MC) 



1 < J" < m 



^,(0 (P fc (C)) r+1 
V(C) 



dMC) 



(rf(0 ■ (C - z)) 

and using equalities (fT2l) . (fT3l) . and (fl4l) we obtain the following equality for z E U e (t) 



(n- 1)! 

(27ri) n 



E / n M p fn ^(0A^ E^(c^) 

o<| J|<m T / W x A ' * vC J Vie/ 

»/(C) 



MO • (C - z)) 



Ad( 



+ Y,9k(z,t)-P k (z). (15) 



k=l 



To transform the equality above into equality (PTTj) we have to pass to the limit as t — > in the 
right-hand side of (fT5l) . To prove the existence of limits of the integrals in the right-hand side of 
equality above when t — > we use the results of Coleff and Herrera. Since all integrals in ([TBI) are 
the integrals of the forms with compact support, those integrals can be reduced to the integrals of 
the forms over polydisks. In the proposition below we collect the statements from HCHII . which are 
used in the completion of the proof of Proposition ^. II 

Proposition 2.2. Let D n = {z e C n : \zj\ < 1, j — 1, . . . , n} be a polydisk in C n , {Pfc}™ =1 " a 
set of polynomials, 

V = {z £ D n : P\(z) = ■ ■ ■ = P m (z) = 0} 
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- an algebraic variety of pure dimension n — m such that the restriction to V of the projection 

tt: D n ^D n ~ m , 

defined by the formula tt(zi, . . . , z n ) = (z m+1 , . . . , z n ) is a finite analytic covering, such that the 
origin is an isolated point in 7r~ 1 (0) fl V. Let z' — (zi, . . . , z m ), and z" = (z m+1 , . . . , z n ). Then 

(i) there exists an analytic function g on V such that for an arbitrary form a G £^' n (D n ) 
the following equality holds 



lim 



«(C) 



lim 



where 



T| p} M IlT=l P k(0 7 Wvn{|g(C)|> 7 } 

2(C) 



res {P ^ } [a] (C) 



(16) 



f OL 

res {P<n} [a](0 = \im / — - 



a (C) = a 



K 1 (Cm+lr"iCra) 



{P} 

Pk = Pk 



Pk(C) 



(17) 



CGynTr-^Cm+i,...,^), 



and the limit in the left-hand side of (1161) exists, 
( ii) the limit in the left-hand side of (fT6l) defines a continuous linear functional on £c' n , 

(Hi) if a admits a representation a = f(()d( m+ i A d( n A d(, then there exist JVgN and mero- 
morphic functions {^/(C)}m=o such that the equality 

N 

res {PM [a] (C) = £>(C) "MO 

|/|=0 

holds, where fi are holomorphic Taylor coefficients of f with respect to 
(iv) under conditions of (Hi) the following equality holds 

«(C)_ = N 
(C) 

\i\-- 



lim 



....... , , = N lim . 



//(C) -MO- 



(18) 



□ 



Using the existence of the limit in the left-hand side of (fT6l) we obtain the existence of the limit 



s(C)A«i 5>Q (i) (C, 



ie/ 



1 - J^/Xi 

iei 



v'(0 



(v'(0 ■ (C - z)) 



Ad( 



lim . 

*-+°Jtw)xA i U ie i p i(0 
for 7 = (1, . . . , m) 

Also, motivated by equality (fT6l) we define for 7 C (1, . . . , m) with |7| = r and a G £ c ( n '"~ r ) 



lim 



«(C) 



lim 



lim 



a(w\ 



^(t) 11.6/ p (0 Wvn{| s (C)|>7} ^° Jff((,t) Uiei P M 

9 



(19) 



where we use the notations from (fT6l) . and additionally 

Tf(c,t) = {we ir-^Cm+i, • • • , Cn) : {|PMI = <*(*)}. 6J } , {\K(w)\ < e *(*)} ■ 

Now, using formula (fT9l) . we can pass to the limit as t — > in the right-hand side of (fT5l) for the 
integrals from (fT5l) with 7 ^ (1, . . . , m). For such integrals we have the following lemma. 

Lemma 2.3. For an arbitrary fixed z G G\bG the following equality holds 

+ f'-E*l w<Hc-cJ Adc = - <20) 



ifl^(l,...,m). 
Proof. To prove equality (|2Q|) we denote 

-'/(<,•■:) = / M >;//,Q ( ' 1 fs..:)-i I I N ■ 1 /^w? ^ 1 A(/(, 



V ieJ V iei , 



MO ■ (C - z)) 



and rewrite the integral in the left-hand side of (|20l) as 



lim / fe(C) ^(OA^Cz). 

Then using formula (fT9b we rewrite the last limit as 

= lim / lim . . . — dd>s(w) A Wr (w, z) , 

therefore reducing the proof of the Lemma to the proof of equality 

! im I ,b.,...m_..™*», c , . A MA^K^O. (21) 



t-»-0 /j |-P*(ui) I =ei(t) for iei, ITT p.fy, 
I |P fe H|<e fe (t)forfc^/ J »V / 

To prove the last equality we apply the resolution of singularities ifHil to the isolated point 

v n 7r-\c") = |0 e c m : p^C, C") = • • • = ^(C, C") = o 

in C m (C") = 7T _1 (C") for a fixed £" = (Cm+i, • • • , Cn)- Then in a small enough neighborhood of 
the origin the lifted variety becomes a normal crossing algebraic variety of the form 

S = {u G C m : = • • • = u%r = o} , 
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and the limit in (1211) becomes 

,. f h(w) 



lmi / , , =j ^4 d<f>* s (u)AuUu,z) = 0. 



\PkM\ < e k (t)fork 



u k k \ — e k (*) f° r ft 1 

□ 

Using Lemma 12.31 we conclude that in passing to the limit as t — > in equality (fT?T) the only 
nonzero may be produced by the integral over Tf(t) x Aj for / = (1, . . . , m), i.e. over T| p j (i) x A. 
The analytic dependence on z of this limit follows from Lemma [2~4l below. 

Lemma 2.4. Le? D n , V, tc, and g be the same as in Proposition \2.2\ and let T^{t) be as in ®. 

If F G Sc n ' n (D n ) is a differential form with respect to variables £, with coefficients infinitely 
differentiable with respect to both variables ( and z, and holomorphic with respect to variables z, 
then 



R(z) = Jim f n f^pL 
*-* -%. } (t) llfe=i^fc(C) 



is a holomorphic function. 



Proof. Without loss of generality we may assume that F((, z) = f((, z)d( m+ i A d( n A d(. Then, 
following HCHH . we consider the Taylor series of / at £ G V with respect to (' 



j 



TT~ L (C ) \ 



T _1 (C") 

\i\+\J\=o 



and using equality (TT8T) obtain the existence of N G N and of meromorphic functions {/i/(C)}|/i=o 
such that the equality 



ft/ fff^k = E ft / /l(C^)-MC) (22) 



holds. 

If /(£, z) is a polynomial with respect to z, then the left-hand side of (1221) is a polynomial as well. 
For an arbitrary f((, z) G 8 C (D n ) analytically depending on z we approximate it by polynomials, 
and then use the continuity of a residual current as a functional on g( n > n ~ m ^ w hich follows from 
(ii) in Proposition [272} □ 

Continuing with the proof of Proposition 12. 1 1 we obtain from Lemmas 12.31 and [2~4l the following 



11 



equality 



0<|X| 



Ao?C 



lim 

t->o 



MO 



T| p} (i)xA rii=l ^t(C) 



ff(C)Ao/ ( X>Q (i) (C,*) 



1=1 

III 



v'(0 



with the right-hand side being holomorphic with respect to z. 

To prove the existence of coefficients h k E H (G) in ([111) . and therefore to complete the proof of 
Proposition 12. 1 1 we notice that the functions 



u t (z) = h(z) - 



(n-l)\ 



HO 



:#*(0 



E / >, 

AM X>Q«(C,z) + (l-E^ 



V(0 



MO ■ (C - *)> 



form a family of holomorphic functions on the interior of G depending on t and converging to the 
holomorphic function 



u(z) = h(z) - ^ P l I lim 



(27ri)» WWt^xA.Ei^O 



#«(C) 



III 



>/(C) 



on the interior of G. Since for each t the function w t defines a section of the sheaf of ideals, defined 
by the functions P 1 , . . . , P m on G from H. Cartan's Theorems (A) and (B) in HCall we obtain that 
the limit function u = lim^ u t admits a representation on the interior of G 



k=i 



with h k e H(G). 



□ 



3 Proof of Theorem [D 

Before proving Theorem[T]we present a version of the Martineau's (see HMar2IO inversion formula 
for the Fantappie transform from [GHJ, which is used in the proof. 
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For / G % (D*), following [Mar2l and UGHL we consider the analytic functional p f on the space 
H{G) defined by the formula 

H f {h) = [ h-Q f , (23) 

JbG-u 

where 

A ; (2ttz)™ drft V/V " V /V " / = \ V^o 

GL„ = {2 G CP" : p(z) < -u}, and a map rj : -»■ (CP n )* satisfies (77(2) ■ 2) = for 

z G hG- v . 

The indicatrice of Fantappie of the functional pj is a holomorphic 1-form on D* defined by the 
formula 



&S(jLfe)S ( ^ ( *»A-&))*- 



The most important application of the indicatrice of Fantappie of is the inversion formula 
described in the proposition below. 

Proposition 3.1. (Martineau type inversion formula. l\Mar2\l , UGHV . ) Let D C CP™ be a linearly 
concave domain such that D* C {£0 7^ 0}, and let f G H(D*). Then the following equality holds: 

.?y(o=#(o, ( 24 ) 

or 

/or fc = 0, . . . , n, and £ G P*. 
Moreover, for g G T-L(D*, 0(—l)) we have the following equality 

(-1) f 8-V v y( v (u))Adu 



where £ G P* an J 



u - = — /or j = 1, . . . ,n. 

z 



□ 

To prove Theorem Q] we consider g G H(D*, 0(— 1)) satisfying the system of equations © and 
using equality (|25l) obtain the equality 



l\l+degP fe /• PJu) d n ~ 1 a 



^ ( 4 ) m (o = 0. 
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Then, using the Cauchy-Leray formula RL2) we obtain the density of the set of functions 

1 



in the space H(G), and therefore the equality 



l+degP fc 



Qn-1 

f(u) ■ P k {u) ■ —^( V (u)y (rj(u)) A du = (26) 
6G_„ dr] 

for an arbitrary / G H(G). 
Using notation© for rj (w) = (r]'(w) ■ w) and applying Proposition ^. II we consider the function 



Hvic.u ) = — — lim / ■=== — , \ 

V J (2ttz)" ir {V}W xA nr=i PkW ■ (Co + £' • «0 



Aw 



vfc=l \ fe=l 



(n-l)! Um / 



A oj[ 



w 



« ( E "l+l'-EH _ %L . ,m ) A *»■ < 27) 



vfc=l \ fe=l 



(Vo(w) - (77' (w) ■ w)) 



satisfying the equality 

- m 



for u E G. 

Using the equality above and equality (|26l) in equality (1251) we obtain the following equality 



which after the substitution of expression ([27]) and the change of the order of integration becomes 



x (^LS^ ( " w)Awi (|^ WKu) 

^g^ faW-M,).,)) )^^^ (28) 



14 



To transform formula (1281) we notice that the operators Vj defined in ©, satisfy the following 
condition 



_d_ 

dr]o 



-i 



\ 



U; 



■ (29) 



Then, using equality (l29l) we obtain that for a polynomial Q^\w,u) the differential operator 
(w, V) satisfies the following property 



1 



Q?\w,u) 



K r] (w) - (rf(w) ■ u)J r} (w) - (rf(w) ■ u) 
Using the equality above we rewrite equality (T28T) as 

(p\ _ ( n ~ 1 )' r f d(ps{w) A ciw 

m ~ {2-KiY ™y T{V}(t)xA nr=i^H-(eo + e^) 



a4 i-£> W ( 



A:=l \ /c=l 

d n ~ x q , , . i u'(ri(u))Adu 

—(n(u ) ) — 

(27Ti)" 7 6G _„ 1 /l ( % («,) - (rj'(w) ■ u)) r 



-1) 



(n — 1)! /" d(ps(w) A <iu> 
lim / 

(2ttz)" *-o y T{Ep}(t)xA nr=i • (6 + e 



,fc=l 

Qn—m—l I t "\n— m— 1 



^o~ m_1 (m-n- !) ! 



fc=i 

d n ^ 1 q. . u' (ri(u)) A du 



(-i) 



0?o(» - (t7'(w) • «))_ 



■1) 



m— n— 1 



(n-1)! 



lim 



d(fis(w) A <iw 



(2™)™(n - m - 1)! t-M) 7 T{V}(t)xA fELi • (6 + £' • ™) 



A cu f 



^=1 



^=1 



<9 



in— m— 1 , 



where in the last equality we have used equality (T2~5l) . 



□ 



Proof of Corollary [IJ 
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Let fo be the coefficient of a closed 1-form / = Y^j=ofjd£j on D* satisfying the system of 
equations ©. Then from equality © in Theorem \T\ for the functional <p* defined in (flOl) we obtain 
the equality 

1 / 1 

Jo 



On the other hand, using the linear convexity of D*, we can find g G H(D*) such that / = dg, 
and, in particular, / = dg/d^Q. Since the function (7 has homogeneity 0, the following equality 
holds 

P ®L -_ VV 9 9 

which leads to equality (</>*, 1) = /o(l, 0, . . . , 0) = 0. From the closedness of the form / we obtain 
the following equality 

1 - / \ 71 

wEv^rtk)^ = E« = /, « e G, = 1, £ G iT. 



Since a complete intersection V in CP n is connected (see HHal . § III.5), Theorem 2 of [HP2J 
implies the existence of a residual cohomology class <\> G /f n -" l i n -" l - 1 (y n D) such that 

! #ik)=«)4e(**t1)* 



2«^j \ &+e't» 

A representative of this cohomology class can be found explicitly. To find such a representative 
we consider <p* as the (n — m,n — m)-current with support in V fl G. Condition ((f)*, 1) = and the 
connectedness of V imply by Serre-Malgrange duality (see ||Sl, (Mai]) that there exists a current <p 
of bidegree [n — m, n — m — 1) on V, such that d(j) = <p* on V. So the sought cohomology class 
onV D D can be defined as <\> = cp\ Vn£) . □ 
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